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Abstract: In this paper, we obtain the fractional derivative formula of any real power of fractional analytic
function based on a new multiplication of fractional analytic functions and Jumarie’s modified Riemann-Liouville
(R-L) fractional derivative. The new multiplication we defined is a natural operation of fractional analytic
functions. The chain rule for fractional derivatives plays an important role in this article. In addition, we give some
examples to illustrate this formula.
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I. INTRODUCTION

Fractional calculus is different from classical calculus. There is no unique definition of fractional derivative and integral.
Commonly used definitions include Riemann Liouville (R-L) fractional derivative, Caputo fractional derivative,
Grunwald Letnikov (G-L) fractional derivative and Jumarie's modified R-L fractional derivative [1-4]. Fractional calculus
is a field of mathematical analysis. It studies and applies the integral and derivative of arbitrary order. In recent years,
fractional calculus has been widely used in physics, engineering, economics, and other fields [5-8].

In this article, based on a new multiplication of fractional analytic functions and Jumarie type of modified R-L fractional
derivative, the fractional derivative formula of any real power of fractional analytic functions is obtained. The chain rule
for fractional derivatives plays an important role in this study. In fact, our formula is similar to the traditional derivative
formula of arbitrary real power of analytical function. Moreover, the new multiplication we defined is a natural operation
of fractional analytic functions. In addition, we also give some examples to illustrate the formula we obtained.

I1. DEFINITIONS AND PROPERTIES
The following is the fractional calculus used in this paper.

Definition 2.1 ([9]): Suppose that 0 < @ < 1, and a is a real number. The Jumarie type of modified Riemann-Liouville
a-fractional derivative and integral are respectively defined as follows:

_ 1 d 8f)-f(a)
(DEFO)] = 2 [ LD g &

(JOIFO)] = — [0 LD gy, @)

T (@) ’a (6-x)1-=
where T'(y) = f0+°° t¥~le~t dt is the gamma function.
Proposition 2.2 ([10]): Leta, 8, ¢ be real constants and 8 = a > 0, then

(oD§)[67] = rrs 6°7, 3)
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and

( ng)[C] =0
(4)

The following is the definition of fractional analytic function.

Definition 2.3 ([12]): Let, 8, , and a;, be real numbers for all k, 8, € (a, b), and 0 < @ < 1. If the function f,: [a, b] —

R can be expressed as an a-fractional power series, that is, f,(6%) = Z,;"’zor(ka—"(e — 60,)** on some open interval

a+1)
(6y — 5,6, + 5), then we say that f,(6%) is a-fractional analytic at 8,, where s is the radius of convergence about 6,. In
addition, if f,:[a, b] = R is continuous on closed interval [a, b] and it is a-fractional analytic at every point in open
interval (a, b), then £, is called an a-fractional analytic function on [a, b].

Next, we give a new multiplication of fractional analytic functions.

Definition 2.4 ([11]): f0 < @ < 1, £, (60%) and g, (6%) are two a-fractional analytic functions,

_ oo ag ka _ o Ak 1 ®k
fa(0%) = Zic=o [‘(ka+1)9 “ = Zieso, (F(a+1) ga) ’ ®)
_ o) by ka _ o) b_k 1 ®k
9a(0%) = Zi=o F(ka+1)9 = ZXio k! (F(zx+1) ea) ) (€)
Then
fa(09) ® go(6%)
— yo Ak k ) bi k
= Zic=o T(ka+1) 0™ @ Limo T(ka+1) o™
_ Yy 1 k k k
= Xio T(ka+1) (Zm=0 (m) ak—mbm) 6", )
That is,
fa(09) ® go(0%)
_ v Gk 1 ®k o br 1 ®k
= Zik=o 7 (F(a+1) 9(1) ® Xizo 7, (F(a+1) Qa)
w 1 k 1 ®k
= k=0 (an:o (m) ak‘mbm) (F(a+1) ga) : (8)

In the following, the arbitrary power of fractional analytic function is defined.

Definition 2.5: Let 0 < a < 1 and r be any real number. The r-th power of the a-fractional analytic function f,,(0%) is
defined by

[fu@1®" = Ea (rina(£u(6)). ©
Definition 2.6 ([9]): Let 0 < @ < 1,and f,(8%), g9,(6%) be a-fractional analytic functions,
_ 10e) ag ka _ 0 % 1 ®k
fa(0%) = Eio T(ka+1) 0% =Xz k! (F(a+1) ga) ’ (10)
_ \oo by ka _ ©oo b_k 1 ®k
9a(0%) = Zi=o T(ka+1) 0% =Xk k! (F(a+1) ea) ) (11)

The compositions of f,(6%) and g,(6%) are defined as follows:

(fa © 92) (0D = fu(9a(89) = Ti20 2% (9(69) %", (12)
and
(9o ° f)(0D) = ga(fal09) = T2 o 2 (f2(69)™". (13)
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Definition 2.7 ([9]): Let 0 < a < 1. If £,(60%), g,(6%) are two a-fractional analytic functions satisfies

(fa ° ga)(ea) = (ga ° fa)(ea) =

1
I'(a+1)

o<, (14)

Then these two fractional analytic functions are called inverse to each other.
In the following, we introduce some fractional analytic functions.

Definition 2.8 ([9, 12]): Let 0 < a < 1, and 6 be a real variable. The a-fractional exponential function is defined by

o gka o 1 1 Rk
Ee(07) = S0ty = T (s 0%) - (15)

I'(a+1)

The a-fractional logarithmic function Ln,(6%) is the inverse function of the E,(6%). Furthermore, the a-fractional sine
and cosine function are defined as follows:

(_1)k9(2k+1)a

sing (%) = Y=o TR DD’ (16)
and
c05,(69) = 5y S22 a7
In addition,
sec,(8%) = (cosa(G“))®_1 (18)
is called the a-fractional secant function.
csc,(6%) = (sino{(@“))@_1 (19
is the a-fractional cosecant function.
tan,(60%) = sin, (0%) ® sec,(0%) (20)
is the a-fractional tangent function. And
cot, (%) = c05,(0%) ® csc,(0%) (21)
is the a-fractional cotangent function.
Theorem 2.9 ([12]): Let0 < a < 1, then
( 0Dg)[ sing, (60%)] = cos,(6%), (22)
(oD§)[cos,(0%)] = —sin, (6), (23)
(oD8)[ tang (69)] = (secy (69)) ™", (24)
(oD§)[ cota(89)] = —(esc(0))™, (25)
( 0Dg‘)[ sec,(0%)] = sec,(0%)Q® tan,(0%), (26)
(oD§)[ cscy(89)] = —cscy (09)® cot, (09). 27

Theorem 2.10 (chain rule for fractional derivatives) ([9]): Suppose that 0 < a <1, and let f,(6%),g,(6%) be a-
fractional analytic functions. Then

(D) fu(920D)] = (D) f2(09]1(9(09) ® (oDE)[94(6D)]. (28)
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I11. MAIN RESULT AND EXAMPLES

In this section, we obtain the fractional derivative of arbitrary real power of fractional analytic function. Moreover, we
give some examples to illustrate our result.

Theorem 3.1: If 0 < a <1, andr is a real number. Then the a-fractional derivative of r-th power of the a-fractional

. . o Qi 1 ®k
analytic function f,(6%) = Zk=°?(r(a+1)9a) is

(oDE)L f2(®@D1®"] = 7l f2(6]®TD @ ( oD)[fa(6D]: (29)
Proof By chain rule for fractional derivatives,
(D& fu(81%7]
= (oD§) [Ea (rina( £(69)))]
= Eq (rLng(£2(69)) ® (oD8)[rLna( f2(69)]
= [f2(6]% @[ f(6)]® ™ ® (oD§)[ f2(69]

= [ £(0)]8D @ (oDg)[f2(69)]. g
Example 3.2: Assume that 0 < @ < 1, and r is a real number. Then by Theorems 2.9, 2.10, and 3.1, we obtain

(oD§)[sing (89)]®"] = r[ sing (69)]8T D ® cos, (6%), (30)

( 0Dg‘)[[ c05,(89)]®7] = —1[ c0s,(0%)]®T D ® sin, (8%), (31)

(oD§)I tang(09)]1%"] = rl tan, (6] @ (sec, (6°)) %", (32)

(oD8) [ cote(09)1%] = —r[ cot, (6] @ (esc (69)%”, (33)

(oD§)[ sec,(8)]%] = [ sec (09)]®" @ tan, (6%), (34)

(D)L e5c,(B]BT] = —r[ 524 (6¥)]®” @ cot,(6%). (35)

(D) [ Ea(sina @)™ = r[ Ea(sing(69))]"" @ cos(8%). (36)

IV. CONCLUSION

Based on Jumarie type modified R-L fractional derivative and a new multiplication of fractional analytic functions, the
fractional derivative formula of any real power of fractional analytic function is obtained in this paper. In fact, this
formula is a natural generalization of the formula of traditional derivative of real power of analytic functions. On the other
hand, the chain rule for fractional derivatives plays an important role in this article. The new multiplication we defined is
a natural operation of fractional analytic functions. In the future, we will use this formula and the new multiplication to
expand the research topics to the problems of applied mathematics and fractional calculus.

REFERENCES
[1] S. Das, Functional Fractional Calculus, 2nd Edition, Springer-Verlag, 2011.
[2] I.Podlubny, Fractional Differential Equations; Academic Press: New York, NY, USA, 1999.
[3] K. Diethelm, The Analysis of Fractional Differential Equations, Springer-Verlag, 2010.

[4] K. S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations; John Willy
and Sons, Inc.: New York, NY, USA, 1993.

Page | 12
Novelty Journals




- Novelty Journals

[5]

(6]

[7]

(8]

[9]

[10]

[11]

[12]

ISSN 2394-7349

International Journal of Novel Research in Engineering and Science
Vol. 9, Issue 1, pp: (9-13), Month: March 2022 - August 2022, Available at: www.noveltyjournals.com

R. C. Koeller, Applications of fractional calculus to the theory of viscoelasticity, Journal of Applied Mechanics, Vol.
51, No. 2, 299, 1984,

M. F. Silva, J. A. T. Machado, A. M. Lopes, “Fractional order control of a hexapod robot,” Nonlinear Dynamics,
Vol. 38, pp. 417-433, 2004,

W. S. Chung, “Fractional Newton mechanics with conformable fractional derivative,” Journal of Computational and
Applied Mathematics, Vol. 290, pp. 150-158, 2015.

V. E. Tarasov, “Mathematical economics: application of fractional calculus, ” Mathematics, Vol. 8, No. 5, 660,
2020.

C. -H. Yu, “Research on Fractional Exponential Function and Logarithmic Function,” International Journal of Novel
Research in Interdisciplinary Studies, Vol. 9, Issue 2, pp. 7-12, 2022,

U. Ghosh, S. Sengupta, S. Sarkar and S. Das, “Analytic solution of linear fractional differential equation with
Jumarie derivative in term of Mittag-Leffler function,” American Journal of Mathematical Analysis, Vol. 3, No. 2,
pp. 32-38, 2015.

C. -H. Yu, “Study of fractional analytic functions and local fractional calculus,” International Journal of Scientific
Research in Science, Engineering and Technology, Vol. 8, No. 5, pp. 39-46, 2021.

C. -H. Yu, “Differential properties of fractional functions,” International Journal of Novel Research in
Interdisciplinary Studies, Vol. 7, No. 5, pp. 1-14, 2020.

Page | 13
Novelty Journals




